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Abstract: In this note we compute the expectation value of a circular BPS Wilson
loop in the “higher rank” totally symmetric and antisymmetric representations of
SU(N) in the Aˆ1 quiver N = 2 SCFT, using a matrix model. We discuss the
connection with a recent conjecture stating that expectation values of observables in
this sector are obtained from N = 4 SYM by a universal renormalization of the ’t
Hooft coupling.
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1 Introduction
N = 4 super Yang-Mills theory (SYM) is the unique maximally supersymmetric
theory in four dimensions. The only things we can ‘tune’ in this theory are the
gauge group G, and the gauge coupling constant gYM . Arguably the next most
special class of quantum field theories are the N = 2 superconformal field theories
(SCFTs). By contrast with N = 4 SYM, these are numerous - significant progress
has been made in their classification over last few years, including the discovery of the
‘class S’ theories [1]. It is an important research program to classify and understand
them - see e.g. [2] and references therein. The problem of obtaining gravity duals of
such theories has been tackled in [3–10].
N = 2 SCFTs which have a Lagrangian description in terms of SU(N) gauge
groups have an ADE classification [11, 12], that is a one-to-one correspondence with
affine simply-laced Lie algebras. Each theory takes the form of an SU(N) quiver
whose quiver diagram is the same as the Dynkin diagram for the corresponding
algebra. By turning off gauge couplings for some of the nodes we can obtain theories
corresponding to the finite ADE algebras. These theories are orbifolds of N =
4 SYM, and their gravity duals are therefore well known - they are orbifolds of
AdS5 × S5 which leave invariant an AdS5 × S1 submanifold.
For ADE theories with K nodes, in the planar limit, following [13–15] it was con-
jectured in [16] that expectation values of operators in the so-called ‘SU(2, 1|2) sec-
tor’, which in particular only involve fields in one vector multiplet of the quiver, were
related to their N = 4 counterparts by a finite renormalization g2 7→ g2eff(g21, · · · g2K)
of the coupling, where throughout for any gauge coupling we define e.g. g2 ≡
g2YMN/(4pi)
2.
– 1 –
When formulated on S4, N = 2 field theories are amenable to exact results
using the localization technique, which was pioneered in this context in [17]. For a
certain class of supersymmetric observables, this reduces the computation of their
expectation values to a matrix model. Although in general these models still cannot
be solved for all values of the coupling, they are often soluble in the large-N limit
at either strong or weak ’t Hooft coupling, and in the latter case provide a very
efficient method for computing perturbative expansions - see important done in [18–
22]. Studying the matrix models for the N = 4 theory and the Aˆ1 quiver, it is
possible to compute the conjectured universal coupling substitution.
In [23], the expectation value of a Wilson loop wrapped around the equator of
S4 in the first gauge group and in the fundamental representation was used for this
purpose. It was found that
〈W〉N=2 (g21, g22) = 〈W〉N=4 (g2eff()(g21, g22)) (1.1)
where 〈W〉N=4 (g2) = I1(4pig)/(2pig) is the expectation value in the N = 4 theory.
The effective coupling they found has the expansion has the expansion [23]
g2eff()(g
2
1, g
2
2) =
g21 − 12g41
(
g21 − g22
)
ζ(3) + 40g41
(
g21 − g22
) (
3g21 + g
2
2
)
ζ(5) + · · · (1.2)
It is the proposal that the renormalization (1.2) should be universal for all op-
erators in the SU(2, 1|2) sector, so that we could write g2eff() = g2eff . In this note we
study a class of such operators: Wilson loops in representations of the gauge group
other than the fundamental. In particular we consider the totally (anti-)symmetric
rank-k representation, where k scales with N . For simplicity we concentrate on the
Aˆ1 theory. ‘Higher rank’ Wilson loops are important observables which can probe
aspects of the theory that fundamental loops cannot. In N = 4 they have been stud-
ied extensively in the context of AdS/CFT [24–32], while in the Nf = 2N theory
(which is the limit of the Aˆ1 quiver as one coupling goes to zero) they yield important
information about any possible AdS dual [33]. Very recently [34], they have been
considered in N = 2∗ SYM, where they were used to probe phase transitions in the
theory.
2 Higher rank Wilson loops
In the Aˆ1 quiver theory, the supersymmetric Wilson loop operator in representation
R is built out of the fields in one of the two vector multiplets:
WR =
1
dim(R)TrRP exp i
ˆ
dxµ
(
Aµ + inIφ
I x˙µ
|x˙|
)
(2.1)
where φI (I = 1, 2) are the two real adjoint scalar fields in the vector multiplet,
and n is a unit vector in R2. We can choose the first vector multiplet without loss
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of generality because the quiver theory has the Z2 symmetry {SU(N)1 ↔ SU(N)2,
g1 ↔ g2}. The contour is around the equator of S4. Note that we have normalized the
operator using the dimension of the representation: dim(Sk) =
(N+k−1)!
k!(N−1)!
, dim(Ak) =
N !
k!(N−k)!
. The computation of the expectation value of (2.1) in N = 2 theories on
S4 reduces to a matrix model for the constant modes of one of the adjoint scalar
fields a, b in each vector multiplet, which can be expressed as an integral over the
eigenvalues ai, br (i, r = 1, · · ·N):
〈WR〉 = 1
dim(R)
ˆ (∏
i,r
daidbr
)
e
−
N
2
( 1
g2
1
∑
i a
2
i+
1
g2
2
∑
r b
2
r)
∏
i<j
(ai − aj)2
∏
r<s
(br − bs)2Z1−loop(a, b) |Zinst(a, b)|2TrRe2pia
Z1−loop(a, b) ≡
∏
i<j H
2(ai − aj)
∏
r<sH
2(br − bs)∏
i,rH
2(ai − br) (2.2)
where H(x) ≡ ∑∞n=1 (1 + x2n2)n e−x2/n. Passing to the large-N limit, this integral
is dominated by a continous saddle point distribution of eigenvalues for each of the
scalars, which can be described by two eigenvalue densities ρ1,2(x). It can be shown
[35] that the instanton contribution |Zinst|2 is sub-leading in N , so we can safely
ignore it in what follows. As is often the case, it is consistent to assume that ρ1,2(x)
each have support on only a finite interval [−µ1,2, µ1,2], which we can take to be
symmetric about the origin because of the (ai, br) → (−ai,−br) symmetry of the
integral (2.2). The equations determining the distributions are then µ1
−µ1
dy ρ1(y)
(
1
x− y −K(x− y)
)
+
 µ2
−µ2
dy ρ2(y)K(x− y) = 1
2g21
x
 µ2
−µ2
dy ρ2(y)
(
1
x− y −K(x− y)
)
+
 µ1
−µ1
dy ρ1(y)K(x− y) = 1
2g22
x (2.3)
ˆ µ1,2
−µ1,2
ρ1,2 (x) = 1
which explicitly display the Z2 symmetry 1 ↔ 2 of the quiver. The third equation
is the normalization condition for the densities. Here K(x) ≡ −H ′(x)/H(x), which
has the expansion about x = 0
K(x) = −2
∞∑
n=1
(−1)nζ(2n+ 1)x2n+1 (2.4)
which has the interpretation as the generating function for the class of ‘fan’ super-
space Feynman diagrams [23, 36]. In fact a fan diagram with n faces and momentum
p running in the loop, together with its combinatorial factor, gives
fann(p) = 2
(
2n− 1
n
)
ζ(2n− 1) 1
p2
= 6ζ(3)
1
p2
, 20ζ(5)
1
p2
· · · . (2.5)
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We will take two different field theory limits: one in which both ’t Hooft couplings
go to zero together, and another in which they become large together. These are
two interesting limits since they correspond to a regime where the string orbifold is
a useful description, but are not the only limits we could take - see the discussion
section. In order to reach these regimes we use the parametrization g1,2 ≡ λ κ1,2, with
κ21 + κ
2
2 = 1, so that λ
2 = g21 + g
2
2 can be thought of as the average coupling. Then,
keeping both κ1,2 of order one, we take λ → 0 (‘weak coupling’) or λ →∞ (‘strong
coupling’). At weak coupling the equations (2.3) are solved by densities ρ1,2(x) and
endpoints µ1,2 that take the form of Wigner semi-circle distributions with polynomial
corrections:
ρ1,2(x) =
1√
λ
(
∞∑
α,n=0
ρ
(α,n)
1,2 x
αλn
)√
µ 21,2 − x2
µ1,2 =
√
λ
(
µ
(0)
1,2 +
∞∑
n=2
µ
(n)
1,2λ
n
)
(2.6)
Inserting (2.6) into (2.3) gives algebraic equations at each order for the ρ
(i,n)
1,2 and
µ
(n)
1,2 , which are easily solved. Thus we obtain
λ≪ 1 :
ρ1(x) =
1
2pig21
(
1 + 2(6ζ(3)) g21(g
2
1 − g22)
− 2(20ζ(5)) g21(g21 − g22)[(3g21 + g22) + x2] + · · ·
)√
µ21 − x2
µ1 = 2g1
(
1− 6ζ(3)g21(g21 − g22) + 20ζ(5)g21(g21 − g22)(4g21 + g22) + · · ·
)
. (2.7)
For the second gauge group we have the same expressions but with g1 → g2. Note
that since x ∼ g1,2 on the support of the distributions, the two terms in the square
brackets in (2.7) are of the same order. In appendix A we compute the density up to
order g14. At strong coupling, the leading term in λ is already implicit in previous
work [37], which gives for both gauge groups
λ≫ 1 : ρ1,2(x) = 2
piµ21,2
√
µ21,2 − x2
µ1 = µ2 = 2
g1g2√
g21 + g
2
2
. (2.8)
Note that, in this leading contribution, the two densities are equal, and have the
same form as the N = 4 density up to a substitution of the coupling.
We will focus on the totally (anti-)symmetric rank-k representation R = Sk/Ak.
The traces over Sk/Ak are given by contour integrals in an auxiliary variable t of two
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generating functions [30]:
TrSke
2pia =
1
2pii
˛
dt tk−1
N∏
i=1
1
1− t−1e2piai
TrAke
2pia =
1
2pii
˛
dt
1
tN−k+1
N∏
i=1
(t + e2piai) . (2.9)
with contours taken anticlockwise around t = 0.
We use (2.9) in the matrix integral (2.2), and take all terms inside the exponen-
tial. Then, in the continuum limit, when the integral is dominated by the saddle
point densities (2.7)(2.8) we can write [30]
WSk/Ak ≡
1
dim(R) 〈TrRe
2pia〉matrix model
=
1
dim(R)
˛
dt expN
(
∓
ˆ
dx ρ1(x) log(1∓ t−1e2pix) + k
N
log t
)
(2.10)
where the upper (lower) sign is for the symmetric (antisymmetric) representation.
Since we are in the large-N limit, we can evaluate the contour integral (2.10) using
the saddle point method. Differentiating the exponent with respect to t, we find the
equation determining the saddle points in the t-plane:
ˆ
dx
ρ1(x)
t e−2pix ∓ 1 −
k
N
= 0 . (2.11)
The expressions for ρ1(x) and µ1 at weak coupling we know (2.7), so they can be
substituted into (2.11) to yield an expansion in the same way as for (2.3). We solve
this order-by-order for t, finding that the saddle point always lies on the real axis. At
strong coupling we can use the Wigner distribution (2.8), and again find the saddle
on the real axis. Then, evaluating (2.10) on the saddle, we obtain an expression for
the expectation value in each regime.
3 The effective coupling
The full results of our calculation are shown in appendix A. The questions we want
to ask are: what is the ‘effective coupling’, in the sense of (1.2), which we must
substitute into the N = 4 result [30] to obtain the result for the Aˆ1 theory? And is
this effective coupling the same for all observables in the SU(2, 1|2) sector?
We may indeed construct such an effective coupling. However the answer to the
second question is ‘no’: the effective coupling appears to depend on the observable.
In the case of Wilson loops in these higher rank representations, differences at weak
coupling only appear at order λ10 and higher. We quote here the leading terms (we
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have expanded to order λ14 in equation (A.10)). As before the upper (lower) sign is
for the symmetric (antisymmetric) loop:
λ≪ 1 :
g2eff(Sk)− g2eff()
= 24
(
± k
N
)(
1± k
N
)
g81 (g
2
1 − g22)
[
ζ(2)(20ζ(5))
− 4ζ(2)2(20ζ(5))g21 −
2
5
ζ(2)(70ζ(7))(11g21 + 5g
2
2)
]
+O(g14) . (3.1)
(3.1) is the main result of this note. We see the explicit dependence on the rank k of
the representation we consider. The k-dependent pre-factor in (3.1) is proportional
to the quadratic Casimir of the loop representation. More complicated polynomial
dependence on k appears at the next order in g. Up to the order we have gone
to, all of the k depedence can be written as polynomials in the quadratic Casimirs
– this is to be expected since it naturally emerges from products of loop-to-loop
propagators. Note the k → N − k symmetry in the antisymmetric case, since these
two representations are identical. In the k/N → 0 limit (3.1) vanishes and so the
effective coupling reduces to that for the fundamental loop (1.2) – this is because in
this limit the leading large-N term is TrSk/Ake
2pia = (Tre
2pia)k + · · · . An important
property of (3.1), and its full form in the appendix, for our purposes will be that it
is entirely proportional to (powers of) ζ(2). We have grouped the ζ-functions into
the combinations coming from the Feynman diagrams (2.5).
In the strong coupling limit, as noted in [37], the leading form (2.8) of the
eigenvalue distribution is the same as for the N = 4 theory with an effective coupling
1/g2eff = 1/g
2
1+1/g
2
2. Thus one can immediately see that the coupling substitution in
this limit is universal for all expectation values computed through the matrix model
(2.2), so that
λ≫ 1 : g2eff(Sk)− g2eff() = 0 + · · · . (3.2)
Let us stop to discuss the interpretation of our result. We start with weak
coupling. The diagrammatic arguments leading to the conjecture of the universal
coupling substitution (1.2) are valid for the Aˆ1 quiver theory formulated on R
4. In
the theory on R4, Feynman diagrams contain both UV and IR divergences, which
can both be regulated by (for example) dimensional regularization. However the
calculation in this paper is for the theory placed on a round S4. This differs from the
flat case in at least two ways. Firstly, there are extra terms which must be added to
the Lagrangian in order to preserve supersymmetry on the curved manifold (including
a conformal coupling of the adjoint scalars to the scalar curvature of the sphere).
Secondly, the compact space introduces, in addition to any other regularization, a
hard IR cutoff coming from the smallest eigenvalue of the kinetic operator for each
field.
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In order to make a meaningful comparison between our calculations and those
coming from Feynman diagrams on flat space, we must take the limit of large radius
in our results. However in even in this limit there is no guarantee that this will
reproduce the same result as one which treats the theory on R4 to begin with –
extra contributions could arise from the differences just discussed. That is to say:
the regularization procedure and the decompactification limit need not commute.
Indeed, for instance, it has been noted in [22] that placing an N = 2 theory on a S4
selects a particular vacuum which remains in the large radius limit.
In fact (3.1) corresponds to exactly such terms. Although our results are explic-
itly independent of the radius of the sphere, they differ from those obtained from
from an a priori flat calculation by a discrete contribution beginning at order λ14.
In an upcoming paper [38], the authors argue that just such contributions (propor-
tional to ζ(2) and starting at order λ14) arise when we take into account the IR
cutoff introduced by the sphere, which can be viewed as an extra IR regulator for
the theory.
At strong coupling, these effects disappear in the leading order approximation.
In particular, this implies that the Wilson loop expectation value is insensitive to
whether it is on the sphere or flat space – it would be interesting to compute the
expectation value of the high rankWilson loop in the orbifold AdS dual with both flat
and spherical boundaries, to compare. However note that the dual D-brane solutions
are only know for the diagonal combination of Wilson lines in the two gauge groups.
The subleading terms in λ are much harder to find, although such progress could
be made, for example along the lines of [35], and we would like to know if they are
non-zero.
Finally, the discrepancy g2eff(Sk) − g2eff() provides us with an interesting inter-
polating function between strong and weak coupling in the SU(N)×SU(N) quiver,
whose complete form as a function of λ it would be interesting and feasible to com-
pute, if a complete large-N solution of the matrix model were found.
4 Discussion
In this paper we have studied one class of observables in the SU(2, 1|2) sector of the
the N = 2 SU(N) × SU(N) quiver SCFT at both strong and weak coupling: the
rank-k (anti-)symmetric equatorial Wilson loop. We confirmed, up to terms that
can be explained as IR divergences, that its expectation value can be mapped to the
corresponding observable in N = 4 SYM by the coupling subsitution conjectured
for this sector in [16, 23], and found the expansions of the effective coupling in each
regime, as functions of the rank k of the representation. We identified an interesting
interpolating function which may be calculable at any ’t Hooft coupling.
The SU(2, 1|2) sector corresponds (at least at strong coupling) to an AdS5× S1
factor in the dual geometry, in the sense that local operators in the sector are dual to
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string states which classically move within this subspace. Indeed if we take a lesson
from N = 4 SYM, the dual object for the symmetric loop should be a D-brane with
worldvolume entirely on AdS5, while for the antisymmetric loop the situation is less
clear. The string dual of the theory is known to be AdS5×S5/Z2, although the dual
to higher rank loops not known for general representations.
There are still further avenues to explore. Most obviously one can try to gen-
eralize our result to AˆK quiver theories for K > 1, where a coupling substitution is
also conjectured to work, as well as to the rest of the ADE theories. We may also
deform these theories by masses for the bifundamental hypermultiplets.
One could look at different regimes in the space of couplings of the Aˆ1 theory. In
particular, a recent paper [39] used a specific regime in an attempt to study the 6D
(2,0) theory placed on AdS5 × S1. In our case this limit corresponds to sending one
’t Hooft coupling to infinity while keeping the other fixed, so that a dual description
exists in terms of a weakly coupled SU(2) gauge group. It would be interesting to
compute Wilson loops there, because it may shed light on the nature of this Seiberg-
like duality, as well as the details of the conjectured novel holographic dual of [39].
Another limit is to take e.g. κ1 to zero while keeping λ small, and is a limit described
in our calculations. However at generic λ the κ1 → 0 limit is disconnected from the
those we take in this note, and leads to the strange behaviour of the Nf = 2N theory
[33]. The approach to this limit would be interesting to study.
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A The full expansions
In this appendix we quote our full weak coupling results. We have gone up to order
λ14 – the perturbative expansions were all implemented using simple Mathematica
functions. First we give the coupling substitution obtained from the localization
computation of the Wilson loop in the fundamental representation, up to the order
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we need - this is an extension to higher order of the result in [23]:
g2eff()(g
2
1, g
2
2) = g
2
1 − 2g41
(
g21 − g22
)
(6ζ(3)) + 2g41
(
g21 − g22
) (
3g21 + g
2
2
)
(20ζ(5))
+
4
3
g41
(
g21 − g22
) [
3
(
2(6ζ(3))2 + ζ(2)(20ζ(5))− 4(70ζ(7))) g41
−3
2
(
2(6ζ(3))2 + 5(70ζ(7))
)
g21g
2
2 +
3
2
(
2(6ζ(3))2 − (70ζ(7))) g42
]
+ g41(g
2
1 − g22)
[
(252ζ(9))P
(12)
9 + (70ζ(7))P
(12)
7
+(20ζ(5))P
(12)
5 + (20ζ(5))(6ζ(3))P
(12)
5,3
]
+ g41
(
g21 − g22
) [
(924ζ(11))P
(14)
11 + (252ζ(9))P
(14)
9 + (70ζ(7))P
(14)
7
+ (70ζ(7))(6ζ(3))P
(14)
7,3 + (20ζ(5))
2P
(14)
5,5
+(20ζ(5))P
(14)
5 + (20ζ(5))(6ζ(3))P
(14)
5,3 + (6ζ(3))
3P
(14)
3,3,3
]
(A.1)
where
P
(12)
9 =
2
3
(65g61 + 53g
4
1g
2
2 + 23g
2
1g
4
2 + 3g
6
2)
P
(12)
7 =
8
5
ζ(2)g41(11g
2
1 + 5g
2
2)
P
(12)
5 = −
64
5
ζ(2)2g61
P
(12)
5,3 = −
4
5
(15g61 − 5g41g22 + g21g42 + 5g62)
P
(14)
11 =
2
15
(−915g81 − 840g61g22 − 540g41g42 − 165g21g62 − 15g82)
P
(14)
9 =
2
15
ζ(2)
(
460g81 + 340g
6
1g
2
2 + 100g
4
1g
4
2
)
P
(14)
7 =
16
5
ζ(2)2(17g81 + g
6
1g
2
2)
P
(14)
7,3 = 4
(
48g81 − 7g61g22 − 7g41g42 + 11g21g62 + 11g82
)
P
(14)
5,5 =
2
15
(855g81 − 120g61g22 − 150g41g42 + 210g21g62 + 195g82)
P
(14)
5 =
2
5
112ζ(2)3g81
P
(14)
5,3 = −8ζ(2)g41(5g41 − 4g21g22 + g42)
P
(14)
3,3,3 =
2
15
(−300g81 + 300g61g22 − 300g41g42 + 180g21g62 − 120g82) . (A.2)
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In the weak coupling limit, we will be working with the perturbative eigenvalue
distribution for the Aˆ1 quiver, obtained by solving (2.3), which we quote here
ρ1(x) =
1
2pig21
(
1 + 2(6ζ(3)) g21(g
2
1 − g22)
−2(20ζ(5)) g21(g21 − g22)
[
(3g21 + g
2
2) + x
2
]
+
2
5
g21(g
2
1 − g22)
[
3x4(70ζ(7)) + 2x2(70ζ(7))(8g21 + 5g
2
2)
−10(6ζ(3))2 (g41 + g42)+ (70ζ(7)) (43g41 + 25g21g22 + 5g42) ]
− 2
21
g21(g
2
1 − g22)
[
6x6(252ζ(9)) + 6x4(252ζ(9))(9g21 + 7g
2
2)
+x2
(−42(6ζ(3))(20ζ(5)) (g41 + g42)+ 2(252ζ(9)) (95g41 + 77g21g22 + 35g42))
−42(6ζ(3))(20ζ(5))P (12)x0,1 + (252ζ(9))P (12)x0,2
]
+
1
105
g21(g
2
1 − g22)
[
25x8(924ζ(11)) + 50x6(924ζ(11))(7g21 + 6g
2
2)
+6x4
(−42(6ζ(3))(70ζ(7)) (g41 + g42)+ 25(924ζ(11)) (12g41 + 11g21g22 + 7g42))
+2x2
(
25(924ζ(11))P
(14)
x2,1 − 210(20ζ(5))2P (14)x2,2 + 84(6ζ(3))(70ζ(7))P (14)x2,3
)
+2
(
5(924ζ(11))P
(14)
x0,1 + 420(6ζ(3))
3P
(14)
x0,2
−105(20ζ(5))2P (14)x0,3 − 42(6ζ(3))(70ζ(7))P (14)x0,4
) ]
+ · · ·
)√
µ21 − x2 (A.3)
where the different colours correspond to different orders of the perturbative expan-
sion, and the P ’s are the following polynomials in the gauge couplings:
P
(12)
x0,1 = 9g
6
1 − g61g22 + 3g21g42 + 5g62
P
(12)
x0,2 = 533g
6
1 + 413g
4
1g
2
2 + 161g
2
1g
4
2 + 21g
6
2
P
(14)
x2,1 = 109g
6
1 + 99g
4
1g
2
2 + 63g
2
1g
4
2 + 21g
6
2
P
(14)
x2,2 = 3g
6
1 + g
4
1g
2
2 + g
2
1g
4
2 + 3g
6
2
P
(14)
x2,3 = 16g
6
1 − 3g41g22 + 3g21g42 + 10g62
P
(14)
x0,1 = 1636g
8
1 + 1461g
6
1g
2
2 + 861g
4
1g
4
2 + 231g
2
1g
6
2 + 21g
8
2
P
(14)
x0,2 = 2g
8
1 − g61g22 + 2g41g42 − g21g62 + 2g82
P
(14)
x0,3 = 41g
8
1 − 4g61g22 + 16g21g62 + 13g82
P
(14)
x0,4 = 169g
8
1 − 11g61g22 + 8g41g42 + 65g21g62 + 55g82 . (A.4)
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The endpoint µ1 is given by
µ1 = 2g1
(
1− 6ζ(3)g21(g21 − g22) + 20ζ(5)g21(g21 − g22)(4g21 + g22)
+ g21(g
2
1 − g22)
(
(70ζ(7))
(−13g41 − 7g21g22 − g42)+ 12(6ζ(3))2 (7g41 − 3g21g22 + 4g42)
)
+ g21(g
2
1 − g22)
(
(252ζ(9))P
(12)
9 − (6ζ(3))(20ζ(5))P (12)3,5
)
+ g21(g
2
1 − g22)
(
(924ζ(11))P
(14)
11 + (6ζ(3))
3P
(14)
3,3,3
+(6ζ(3))(70ζ(7))P
(14)
3,7 + (20ζ(5))
2P
(14)
5,5
)
+ · · ·
)
(A.5)
P
(12)
9 =
(
41g61 + 31g
4
1g
2
2 + 11g
2
1g
4
2 + g
6
2
)
P
(12)
3,5 =
(
34g61 − 13g41g22 + 5g21g42 + 10g62
)
P
(14)
11 = −
1
2
(
131g81 + 116g
6
1g
2
2 + 66g
4
1g
4
2 + 16g
2
1g
6
2 + g
8
2
)
P
(14)
3,3,3 =
1
2
(−33g81 + 30g61g22 − 33g41g42 + 20g21g62 − 16g82)
P
(14)
3,7 =
(
133g81 − 32g61g22 − 14g41g42 + 31g21g62 + 22g82
)
P
(14)
5,5 =
1
2
(
158g81 − 40g61g22 − 21g41g42 + 41g21g62 + 26g82
)
. (A.6)
Note that the operator we are considering explicitly scales exponentially with N in
the ’t Hooft limit - this can be seen from (2.10), where the expression in brackets is
O(N0). Thus we write WSk/Ak = expN FSk/Ak(k/N) for some order-one functions
FSk/Ak . For the N = 4 theory we obtain
FN=4(k/N)(g2) =
± Cˆ2(k)

(4pig)2
8
− (4pig)
4
384
+
(4pig)6
9216
+
(
−4 + Cˆ2(k)
)
(4pig)8
737280
−
(
−13 + 10Cˆ2(k)
)
(4pig)10
44236800
−
(
495− 774Cˆ2(k) + 40Cˆ2(k)2
)
(4pig)12
29727129600
+
(
3235− 8526Cˆ2(k) + 1512Cˆ2(k)2
)
(4pig)14
3329438515200

+O(g16) (A.7)
where as always the upper (lower) sign is for the symmetric (antisymmetric) loop.
Cˆ2i are the rescaled Casimirs of the representation of the loop:
Cˆ2i(k) ≡ C2i(k)
N2i
= ± k
N
(
1± k
N
)i−1
(A.8)
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which are order one when k scales with N . The main result of this note is the
analogous quantity in the Aˆ1 quiver theory. We have gone up to order λ
14 in the
expansion. The result is very long, so it is best to subtract off the result obtained
by substituting the coupling substitution (A.1) into the N = 4 result (A.7). The
quantity thus obtained is non-zero, indicated that the same coupling subsitution does
not work for both the fundamental and higher rank loops. We find
FAˆ1(k/N)(g21, g22) − FN=4(k/N)(g2eff()(g21, g22))
= ζ(2)2 g81 (g
2
1 − g22) Cˆ2(k)2
(
288(20ζ(5))
− 2304ζ(2)(20ζ(5))g21 −
576
5
(70ζ(7))(11g21 + 5g
2
2)
− 1152
5
[
−74ζ(2)2(20ζ(5))g41 +
5
2
(5g41 − 4g21g22 + g42)(6ζ(3))(20ζ(5))
+ ζ(2)(70ζ(7)) g21
(
(−41 + 12Cˆ2(k))g21 − 20g22
)
−5
6
(23g41 + 17g
2
1g
2
2 + 5g
4
2)(252ζ(9))
] )
+O(g16) . (A.9)
Given this discrepancy, we can compute the correct renormalized effective coupling
for the higher rank loops. Again taking the difference with the result for the funda-
mental, we have that
g2eff(Sk)− g2eff()
= 24 g81 (g
2
1 − g22) Cˆ2(k)
[
ζ(2)(20ζ(5))
− 4ζ(2)2(20ζ(5))g21 −
2
5
ζ(2)(70ζ(7))(11g21 + 5g
2
2)
+
96
5
ζ(2)3(20ζ(5))g41 + 2ζ(2)(6ζ(3))(20ζ(5))(5g
4
1 − 4g21g22 + g42)
+
4
5
ζ(2)2(70ζ(7)) g21
(
(19− 12Cˆ2(k))g21 + 10g22
)
+
2
3
ζ(2)(252ζ(9))(23g41 + 17g
2
1g
2
2 + 5g
4
2)
]
+O(g16) . (A.10)
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